Abstract. In his famous 2007 paper on three dimensional quantum gravity, Witten defined candidates for the partition functions Z k (q) = ∞ n=−k w k (n)q n of potential extremal CFTs with central charges of the form c = 24k. Although such CFTs remain elusive, he proved that these modular functions are well-defined. In this note, we point out several explicit representations of these functions. These involve the partition function p(n), Faber polynomials, traces of singular moduli, and Rademacher sums. Furthermore, for each prime p ≤ 11, the p series Z k (q), where k ∈ {1, . . . , p − 1} ∪ {p + 1}, possess a Ramanujan congruence. More precisely, for every non-zero integer n we have that
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Introduction and statement of results
In [11] , Witten defined a sequence of functions which he proposed encode quantum states of three-dimensional gravity. Namely, he purported the existence of a extremal conformal field theory (in the language of [9] ) at any central charge c = 24k with k ≥ 1. This should have partition function equal to the unique weakly holomorphic 1 modular function on SL 2 (Z) with principal part (i.e., the negative powers of q together with the constant term at i∞) determined by:
For positive integers k, these functions are Witten's candidates for the generating functions that count the quantum states of three dimensional gravity in spacetime asymptotic to AdS 3 (see Section 3.1 of [11] ).
It is well-known that the Hauptmodul for SL 2 (Z), given by (here σ k (n) := d|n d k and q := e 2πiτ )
generates the vector space of modular functions over C. In particular, since there are no holomorphic modular functions, any polynomial in J(τ ) which matches the principal part of Z k (q) is identically equal to Z k (q). For instance, we have
Witten gave an elementary argument that proves that the Z k (q) are well-defined. We offer several formulas for the modular functions Z k (q) in different guises. These formulas rely on expressions for the partition function p(n), which counts the number of integer partitions of n, Faber polynomials, and Rademacher expansions, which are all standard in number theory. The hope is that these expressions might shed light on the search for these extremal CFTs.
Our first interpretation of the functions Z k (q) uses the following generating function, which encodes the classical Faber polynomials F d (X), and where each coefficient of q d is a monic degree n polynomial in X:
The Faber polynomials can be used to build the unique weakly holomorphic modular func- [2, 12] ). More precisely, they satisfy
Our first result is then the following, where for any q-series
we define the following "principal part" operator by:
Remark. The principal part operator PP can be thought of as the complement of MacMahon's Ω ≥ operator. For instance, the reader is also referred to [1] .
If k is a positive integer, then the following are true.
(i) In terms of the partition function p(n), we have
(
The first formula relies only on elementary properties of the partition generating function, while, as we shall see, the second connects the function Z k (q) to the world of the Monster and its moonshine.
Our second main result writes Z k (q) as a blend of values of a canonical non-holomorphic modular function P(τ ) at CM points corresponding to elements of class groups (see Section 2.2 for the definition of P(τ ) and the sums of values of P(τ ) denoted by Tr(P; n)), and Rademacher sums R k (τ ) (see Section 2.3 for the precise definitions). Specifically, we will express the partition numbers as traces of singular moduli, that is, sums of values at CM points, of the special non-holomorphic modular function P(τ ). The definition of this function, the exact notion of traces of singular moduli we require here, and the Rademacher series in the following theorem will be given in Section 2. Corollary 1.2. We have the following identity:
Remark. The results in [6] indicate how to efficiently compute p(n) as traces of singular moduli numerically, and may be useful to those wishing to implement the identities presented here.
Remark. Connections between class numbers (which count the number of terms in the traces of singular moduli discussed here), their algebraic structures, and black holes were also described recently in [3] . It would be interesting to see if the connection between the results discussed here and in that paper have a deeper connection.
Remark. Although the partition numbers p(n) may also be written as Rademacher sums, here we have chosen to highlight their alternative algebraic representations. Specifically, a Rademacher's famous exact formula for p(n) is:
is a Kloosterman sum ( If p ≤ 11 is prime, then the p series {Z 1 (q), . . . , Z p−1 (q)}∪{Z p+1 (q)} all simultaneously satisfy Ramanujan congruences modulo fixed small powers of p. Namely, we prove the following theorem. Theorem 1.3. If p ≤ 11 is prime and k ∈ {1, . . . , p − 1} ∪ {p + 1}, then for every non-zero integer n we have that
Remark. We have made no attempt to completely classify all of the Ramanujan type congruences satisfied by the Z k (q). For each positive integer m and each k ≥ 1, it is well known that there are arithmetic progressions an + b for which
This follows easily from the theory of p-adic modular forms (for example, see Chapter 2 of [10] ). The unexpected phenomenon here is the uniformity of these congruences among the low index q-series for the primes p ≤ 11.
Nuts and bolts and the proofs
In this section, we review the basic definitions and results needed for the statements and proofs of the main theorems.
2.1. Faber polynomials and the connection to Monstrous Moonshine. Recall from above that for each d ≥ 0, we have a function J d , which is the unique weakly holomorphic modular function on SL 2 (Z) with principal part
In particular, J 0 = 1 and for d ≥ 1, in terms of the normalized Hecke operators T d , we have
These functions are, of course, monic degree n polynomials in J(τ ). These polynomials are known as Faber polynomials, and are closely related to the denominator formula for the Monster Lie algebra (for details on moonshine and related subjects, the reader is referred to the excellent exposition in [8] ). Specifically, the denominator formula states that
where J(τ ) =: n≥−1 c n q n . This formula plays a key role in the overall proof of moonshine, and in particular in connecting J with the natural infinite dimensional graded module of the monster which moonshine studies. Equivalently, Asai, Kaneko, and Ninomiya (cf. Theorem 3 of [2] ) proved the following result for the logarithmic derivative (with respect to τ ) of the preceding generating function (see (1.2)):
= Ω(j(z); τ ).
An algebraic formula for p(n).
Here, we recall a finite, algebraic formula for the partition numbers obtained in [5] . To state this, we first require the quasimodular Eisenstein series 
In terms of which we may consider the weight −2, level 6 modular function
Our distinguished non-holomorphic modular function P is then obtained by applying a Maass raising operator to G:
.
We then require the distinguished collection of binary quadratic forms given by
For each quadratic form Q in this set, we define the corresponding CM point τ Q to be the point in the upper half plane satisfying the aτ 2 Q + bτ Q + c = 0. Finally, the trace of P at the relevant CM points is given by Tr(P; n) := Q∈Q n,6,1
In terms of these notations, the main result of [5] is the following representation for p(n) in terms of these traces. Theorem 2.1. For any n ≥ 1, we have
Tr(P; n).
Moreover, (24n − 1)P (τ Q ) is always an algebraic integer.
2.3.
Rademacher series. In this section, we recall the required expressions for our Rademacher series. These can be built out of well-known expressions for Poincaré series, for example, the reader is referred to Section 6.3 of [4] . However, these formulas here are very classical, and date back to seminal work of Rademacher, Zuckerman, and others. From these classical results, we can write the following Rademacher series representation for J d (τ ).
Proposition 2.2. If d is a positive integer, then
where
and where
is a Kloosterman sum (r denotes the multiplicative inverse of r modulo c) and I 1 is a modified I-Bessel function.
2.4.
Proofs of Theorem 1.1, Corollary 1.2 and Theorem 1.3. Here we prove the main results of this paper.
Proof of Theorem 1.1. We begin with part (i). By (1.1) and (2.1), together with the fact that weakly holomorphic modular functions are determined by their principal parts, we have that
The claim in part (ii) follows from part (i) and (2.2). 
Suppose that p ≤ 11 is prime. If F (X) is a monic polynomial with integer coefficients and we let F (j(τ )) = a(n)q n .
If p ≤ 11 is prime and deg(F (X)) < p, then Theorem 2.3 (2) of [7] implies that F (j(τ )) | U(p) ≡ a(0) (mod p).
Theorem 1.1 then implies the result for p = 7 and 11 and 1 ≤ k ≤ p − 1. For the cases where (p, k) ∈ {(7, 8), (11, 12) }, one applies Theorem 2.3 (1) of [7] . For the remaining cases where p ≤ 5 and the modulus of the congruence is power of p, one may consider the weight 12kp holomorphic modular forms Z k (q) · ∆(pτ ) kp on Γ 0 (p), where ∆(τ ) is the usual weight 12 normalized cusp form on SL 2 (Z), It suffices to show that
2 ) if p = 5.
These congruences are easily confirmed using the well-known theorem of Sturm (for example, see p. 40 of [10] ) which reduces each claim to a finite computation. In particular, one only needs to check the claimed congruences for the first kp(p + 1) terms.
